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The Effect of Convection on Disorder in Primary Cellular and
Dendritic Arrays
R. TRIVEDI, P. MAZUMDER, and S.N. TEWARI
Directional solidification studies have been carried out to characterize the spatial disorder in the arrays
of cells and dendrites. Different factors that cause array disorder are investigated experimentally and
analyzed numerically. In addition to the disorder resulting from the fundamental selection of a range
of primary spacings under given experimental conditions, a significant variation in primary spacings
is shown to occur in bulk samples due to convection effects, especially at low growth velocities. The
effect of convection on array disorder is examined through directional solidification studies in two
different alloy systems, Pb-Sn and Al-Cu. A detailed analysis of the spacing distribution is carried
out, which shows that the disorder in the spacing distribution is greater in the Al-Cu system than in
Pb-Sn system. Numerical models are developed which show that fluid motion can occur in both these
systems due to the negative axial density gradient or due the radial temperature gradient which is
always present in Bridgman growth. The modes of convection have been found to be significantly
different in these systems, due to the solute being heavier than the solvent in the Al-Cu system and
lighter than it in the Pb-Sn system. The results of the model have been shown to explain experimental
observations of higher disorder and greater solute segregation in a weakly convective Al-Cu system
than those in a highly convective Pb-Sn system.
I. INTRODUCTION with a minimum spacing would be created. Thus, the spacing
distribution under given growth conditions should, at most,ONE of the important microstructural length scales of be within a factor of 2 if diffusive growth conditions aredirectionally solidified alloys is the primary spacing, or the present.periodicity, of the cellular and dendritic structures. This peri- Detailed experimental studies, carried out in thin samples
odicity often controls the microsegregation profiles and gov-
of a transparent material in which the primary spacing is
erns the formation of a second phase in the intercellular
controlled by the diffusion process, have confirmed the pres-
or interdendritic regions and, consequently, influences the
ence of a finite but small range of spacings under givenproperties of the material. Several theoretical and experimen- growth conditions.[6] Through studies of the dynamics oftal studies have, thus, been carried out to relate primary
spacing adjustments, it was shown that cells can translatespacing to the growth rate, temperature gradient, and compo- laterally to minimize the disorder, and a new cell or dendritesition.[1–16] Although the average spacing is most often
was created when the spacing exceeded about 1.5 times thereported in the literature, experimental studies show that a
minimum stable spacing.[6] In contrast to the previous results,significantly broad spectrum of primary spacings is pres-
experimental studies in bulk metallic and organic systemsent.[6] This disorder in spacings can occur due to two factors: have clearly shown the presence of a wide range of spacingsa weak spacing-selection criterion, which causes a range of
or a highly disordered spatial arrangement of cells and den-spacings to be present, and the effect of convection in large
drites. Convection effects have been assumed to be responsi-or bulk samples.
ble for this large disorder in bulk samples.[5,11] For primary-Fundamental studies on the distribution of primary spac-
spacing studies, larger-diameter samples in the range of 3.0ings under diffusive-growth conditions have been carried out
to 7.0 mm are generally used to obtain sufficient number oftheoretically as well as experimentally. Warren and Langer[2]
primary cells or dendrites required for a proper statisticalhave developed a diffusive-boundary-layer model which pre-
analysis. However, as the size of the sample increases, thedicted that the primary dendrite spacing would not have a
possibility for convection increases. In fact, for the Al-Cuunique value under given growth conditions. Rather, a band
system, convective transport can become greater than orof primary spacings would be stable. A similar conclusion
equal to the diffusive transport under 1 g conditions, forwas reached by Hunt and Lu[4] through a detailed numerical
sample diameters greater than 3 mm.[17,18] Thus, it is possiblesolution of the primary-spacing problem. They concluded
for convection effects to give rise to the disorder in spacing.that the maximum spacing would be less than a factor of 2
The effect of convection on the disorder in spatial arrange-from the minimum spacing; otherwise, a new cell or dendrite
ment of dendrites was established by comparing the primary
dendrite arrays formed under 1 g and microgravity condi-
tions for the same growth conditions in an Al-4 wt pct CuR. TRIVEDI, Professor, is with the Department of Materials Science
alloy.[19] A result of one microgravity experiment[19] showedand Engineering, Iowa State University, Ames, IA 50011. Contact e-mail:
trivedi@ameslab.gov P. MAZUMDER, formerly Graduate Student, Depart- a significantly smaller disorder in spacings. However, only
ment of Mechanical Engineering, Iowa State University, is Research Scien- a few dendrites were present in the sample processed under
tist with Corning Inc., Corning, NY 14831. S.N. TEWARI, Professor, is
microgravity conditions, so that no quantitative analysis of
with the Chemical Engineering Department, Cleveland State University,
the primary-spacing disorder under diffusive-growth condi-Cleveland, OH 44115.
Manuscript submitted June 1, 1999. tions could be carried out.
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Table I. Growth Parameters for Directionally SolidifiedIn the vertical Bridgman growth technique, convection
Pb-Sn and Al-Cu Alloyseffects depend on the spatial variation of the density of the
melt, so that systems with different density variations with Thermal W–S
solute will show different effects on the spacing distribution. Velocity Gradient Diameter
Experimental studies in several systems in which the rejected Alloy Specimen (mm/s) (K/mm) (mm) Morphology
solute was heavier than the solvent have shown that fluid 1. Pb-10 wt pct Sn 2.0 11.0 — cellflow leads to the presence of a macroscopic interface which 2. Pb-10 wt pct Sn 2.5 11.0 122 cellprotrudes at the center and leads to a nonuniform microstruc- 3. Pb-10 wt pct Sn 3.5 11.0 135 cell
ture along the radial direction.[11,20,21] However, in systems 4. Pb-10 wt pct Sn 4 11.0 142 cell to dendrite
where the rejected solute is lighter, no appreciable curvature 5. Pb-10 wt pct Sn 8 11.0 130 dendrite
of the interface is observed, even when convection effects
1. Al-4.1 wt pct Cu 1.83 10.0 — cellare present in the melt. In this case, although the spacing
2. Al-4.1 wt pct Cu 2.8 14.0 — cellwill be significantly influenced by convection, a smaller
3. Al-4.1 wt pct Cu 5.5 14.0 97 celldisorder in spacing should be present. Although convection
4. Al-4.1 wt pct Cu 11 14.0 106 celleffects have been assumed to give rise to a disorder in 5. Al-4.1 wt pct Cu 22 14.0 163 cell to dendrite
spacing, no theoretical or experimental study has been car- 6. Al-4.1 wt pct Cu 44 14.0 161 dendrite
ried out to quantitatively characterize how the nature of
convection gives rise to array disorder.
A proper quantitative understanding of the effect of con-
vection on the disorder in spacings is important, since the double-diffusive mode of convection in the Pb-Sn system
properties of a material depend not only on the average gives homogeneous solute segregation in the radial direction
spacing but also on the extent of disorder in the primary and, thus, causes less disorder in the spacing.
array, which will locally influence the mushy-zone length
and the segregation profile. In this article, we shall first
present experimental results on the primary-spacing distribu- II. EXPERIMENTAL STUDIES
tion and then discuss a numerical model to show how con-
vection effects may cause disorder in the primary spacing. A. Microstructures
When convection effects are present, the disorder in spacing
Directional solidification experiments were carried out independs upon the mode of convection, which is controlled
the Al-4.1 wt pct Cu, Al-4.0 wt pct Cu, and Pb-10 wt pctby the properties of the system, specifically, the variation Sn alloys using the sample preparation procedure and direc-in fluid density with concentration. Experiments have, thus,
tional solidification equipment described previously.[33] Forbeen carried out in two alloy systems, Pb-Sn and Al-Cu. Al-Cu alloys, 6-mm-i.d. recrystallized alumina tubes wereThese two systems were selected since then rejected solute
used, whereas 7-mm-i.d. quartz tubes were used for the Pb-is heavier in the Al-Cu system and lighter in the Pb-Sn Sn alloys, and the melt column was about 20-cm long. The
system, so that they exhibit different modes of convection. total sample length was about 30 cm. Precast Al-Cu andExperimental results showed that the disorder in the Al-Cu Pb-Sn samples were remelted and directionally solidified in
system was significantly greater than that in the Pb-Sn sys-
a flowing argon atmosphere. Directional solidification was
tem. In addition, the disorder was found to remain over a
carried out by raising the thermal assembly at a fixed rate,
wide range of velocities examined. keeping the sample tube fixed so as to avoid any possibilityIn the Pb-Sn system, the rejected solute at the interface of fluid motion due to the irregular motion of the sample.is lighter than the solvent, which can result in a significant The furnace assembly was moved at rates ranging from 0.70
fluid motion due to double diffusive instability.[22,23,24] In to 44.0 mm/s.
contrast, in the Al-Cu system, the rejected solute at the Different velocities were examined for each alloy system,
interface is heavier and will give rise to a negative density as shown in Table I, and these velocities were selected to
gradient in the liquid at the interface, which will result in obtain both cellular and dendritic arrays and to examine the
no fluid motion in the absence of other destabilizing forces. effect of convection with velocity. For A1-4.1 wt pct Cu
Although vertical thermal and solute gradients do not cause alloys, the samples were directionally solidified at velocities
fluid motion in the Al-Cu system, convection can still be of 2.6, 5.5, 11.0, 22.0, and 44.0 mm/s, at G 5 14.0 K/mm.
present in this system if there is any thermal gradient in the Al-4.0 wt pct Cu alloys were directionally solidified at a
radial direction, since there is no threshold for convection velocity of 1.83 mm/s, at G 5 10.0 K/mm. The transverse
in the presence of a radial temperature or concentration cross sections of the directionally solidified samples are
gradient.[25,26] In fact, a radial temperature gradient is always shown in Figure 1, which shows a cellular structure at two
present in Bridgman growth, in which the hot and the cold lower velocities, a transition to a dendritic microstructure
chambers are separated by an insulating region.[17,27–32] A at 22.0 mm/s, and a fully dendritic structure at 44.0 mm/s.
detailed numerical analysis of convection is, therefore, car- Transverse sections in the mushy zone, 100 mm behind the
ried out for both the systems to characterize the fluid motion quenched tip, were used for the primary-arm spacing
and the composition profiles. The results of this numerical measurements.
model will be presented in this article, and it will be shown The Pb-10 wt pct Sn alloys were directionally solidified
that the lower level of convection in the Al-Cu system comes at velocities of 2.0, 2.5, 3.5, 4.0, and 8.0 mm/s, at G 5 11.0
from the radial temperature gradient, which causes radial K/mm. The microstructures were cellular at growth speeds
solute segregation and, hence, leads to higher disorder in of 2.0, 2.5, and 3.5 mm/s, displayed a transition to a dendritic
microstructure at 4.0 mm/s, and had a fully dendritic structurethe primary-spacing distribution. In contrast, the intensive
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Fig. 1—Transverse microstructures of directionally solidified for Al-4.1 wt pct Cu alloys at velocities: (a) 5.5 mm/s, (b) 11.0 mm/s, (c) 22.0, mm/s, and
(d ) 44.0, mm/s. G 5 14.0 K/mm.
at 8.0 mm/s. A typical transverse section of the cellular with an isotherm. In contrast, the cells in the Al-Cu alloys
were observed to cluster in the center, and the macroscopicstructure is shown in Figure 2.
A comparison of transverse microstructures of direction- tip front showed significant curvature.
ally solidified Pb-10 wt pct Sn and Al-4.1 wt pct Cu alloys,
shown in Figure 3, clearly illustrates the significant differ- B. Segregation Profiles
ence in the shape of the interface in these two systems.
In the Pb-Sn alloys, the array distribution shows that the The curvature of the interface in the Al-Cu system indi-
cates a variation in the interface composition along the radialmacroscopic interface, i.e., the positions of tips, is aligned
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Fig. 2—A transverse microstructure of directionally solidified Pb-10 wt
pct Sn alloy at V 5 2.5 mm/s and G 5 11.0 K/mm. Fig. 4—Axial segregation profiles in the Al-4.1 wt pct Cu and Pb-10 wt
pct Sn systems. The Al-Cu system shows no significant macrosegregation,
while Pb-Sn shows large macrosegregation. Open points are for the solid,
and filled points are for the quenched liquid.
(a)
Fig. 5—The variation of primary spacing with composition at the center
of cells or dendrite for a microstructure that exhibits the steepling effect.
Al-4.0 wt pct alloy, directionally solidified at 1.83 mm/s at G 5 14.0 K/mm.
(b)
Fig. 3—Longitudinal cross sections of directionally solidified alloys: (a)
Al-4.1 wt pct Cu, VP 5 5.5 mm/s, G 5 14.0 K/mm. (b) Pb-10 wt pct Sn The presence of curvature of the solidification front gives
alloy, V 5 2.0 mm/s, G 5 11.0 K/mm, and Al-4.1 Cu wt pct alloy, V 5 rise to varying thermal and solute conditions at different cellmm/s, and G 5 14.0 K/mm. The macroscopic interface is almost flat for
or dendrite tips in an array. Because of the lateral flow ofthe Pb-Sn alloy, whereas a significant curvature is observed in the Al-
solute due to convection, the composition in the liquid nearCu alloy.
the interface increases from the center to the sidewall. This
variation in composition would be accompanied by the
change in concentration gradients at the tips and give risedirection. Consequently, two sets of measurements were car-
ried out to examine the axial segregation in the two systems to a spacing disorder. In order to examine the effect of
radial-composition variations, the average primary spacingand the variation in composition and spacing along the radial
direction. The measured axial-composition profiles in both is measured at different locations along the radial direction.
Also, the composition in the solid at the cell or dendritethe Al-Cu and Pb-Sn systems are shown in Figure 4. While
the macrosegregation is almost insignificant in the former tip is measured for different cells/dendrites in an array. A
variation in primary spacing as a function of tip compositionsystem, it is large in the latter. This is due to disparate
levels of mixing in the two systems, as will be discussed in in the solid is observed, as shown in Figure 5. The variation
is small in the center region, but the spacing increases sharplySection III–B.
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Fig. 7—A typical binary image of a transverse cross section of a direction-
ally solidified alloy. The construction of a minimal spanning tree is shown
for a cellular array in Al-4.1 wt pct Cu alloy, directionally solidified at 5.5Fig. 6—A representative histogram of spacing between cells (or dendrites)
mm/s and G 5 14.0 K/mm.including the nearest neighbor and higher order spacing for directionally
solidified Al-4.1 wt pct directionally solidified at V 5 11.0 mm/s.
which indicates that some disorder is present in the spatial
arrangement of dendrites. One of the problems in this method
near the wall region. The variation in spacing is correlated is to accurately identify the nearest neighbors when the
with the tip composition, rather than distance, to clearly distribution has a significant disorder. Since our aim is to
establish the effect of local composition variations on the characterize the disorder, we shall analyze primary-spacing
primary spacing. In the very vicinity of the wall, the compo- data by using two different methods that have been devel-
sition profile could alter due to the wall effect and cause a oped to accurately determine the disorder. These methods
change in primary spacing. However, the extent of the wall are (1) the weighted Wigner–Seitz (W-S) method or the
effect is expected to be very small, and no such wall effect is Voronoi tessellation method[36,37] and (2) the minimal span-
seen in our results in the Pb-Sn system or in the microgravity ning-tree (MST) method.[36–39]
experimental result in the Al-Cu system.[19] Consequently, In the W-S and MST methods, the array is first character-
the disorder in primary spacing, observed in our experiments ized by a set of points. To obtain a set of points, the transverse
in the Al-Cu system, appears to be due to the radial variation microstructures, shown in Figures 1 and 2, were first digi-
in the solute profile caused by convection, and we shall tized and photo enhanced to obtain well-defined cell or
establish this effect of convection, in this article, through dendrite boundaries. A binary image was then produced, in
the application of a numerical model. which the cell/dendrite interiors were white and the cell or
dendrite boundaries were black, as shown in Figure 7. The
first step in the image analysis was to determine the coordi-C. Primary-Spacing Analysis
nates of the centers of each cell/dendrite and the surface
area of the cell. The center of the cell or dendrite was takenThe average primary spacing is generally determined from
a transverse cross section by counting the number of cells as the center of mass of all the pixels in the cell or dendrite.
Once the coordinates of the centers were determined, a two-or dendrites present in a circular region of a fixed diameter.
Then, by assuming a hexagonal, square, or random distribu- dimensional spatial arrangement of points was obtained,
which was then analyzed by using the weighted W-S methodtion, the average primary-spacing value is calculated.[10,34,35]
The value of the primary spacing is, thus, influenced by and the MST method.
The most accurate method to quantitatively analyze thethe distribution assumed for calculations. Note that the real
distribution does not show an equal number of neighboring disorder in primary-spacing data is to characterize the num-
ber of nearest neighbors for each cell or dendrite and then tocells or dendrites, so that such a method cannot characterize
disorder in primary spacings. look at the statistical distribution of the number of neighbors.
This is achieved by the weighted W-S method.[36,37] In theAnother common method in the literature for characteriz-
ing the primary spacing is to measure a large number of W-S method, a perpendicular line is drawn between the two
neighboring points, and the inner envelope of all lines withnearest-neighbor distances and then obtain the average value.
We have determined the distribution of spacings between neighbors for a given point gives a polygonal shape. In the
weighted W-S method, the line between the two neighboringtwo points from the array of points that represent the center
of mass of each cell. In principle, one should obtain sharp points is drawn such that the ratio of the distances to the
two points from any location on the line is equal to the ratiopeaks that correspond to the first, second, third, etc., nearest-
neighbor spacing. From this distribution, the nearest-neigh- of the square root of the surface area of the cell or dendrite
representing the point.[38] By this method, one obtains anbor spacing could be determined. The experimental data on
the distribution of the distances between the points is shown array of polygons, each of which contains an original cell
or dendrite. The polygons will be hexagonal for a perfectin Figure 6. Although the peaks for the first and second
nearest neighbors can be seen, the distribution is not sharp, hexagonal array, whereas polygons with more or less than
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random in the Al-Cu system than in the Pb-Sn system. The
mean number of cell sides and the spread about the mean
is more disordered in the Al-Cu system than in the Pb-Sn
system. The most probable number of sides is six for Pb-
Sn alloys, whereas it is close to five for Al-Cu alloys. The
aforementioned results seem to be counter-intuitive, since
the highly convective Pb-Sn system shows lower disorder
than the weakly convective Al-Cu system.
The disorder in the spatial arrangement of cells and den-
drites can also be examined by using the MST method.[38]
In this method, the MST is constructed by selecting any
point in the array and then connecting it to the neighboring
point that is closest to the selected point, and this process
is repeated until all points are connected. Thus, the MST is(a)
a connected graph which contains all the cell centers and in
which the sum of edge lengths is minimum. A histogram
of the edge lengths is plotted and characterized by the mean
value (m) and the standard deviation (s ). The value of (m,s )
obtained from the experimental results is then compared
with the reference curves. Dussert et al.[38] obtained the
reference curves by taking a perfect hexagonal or square
array of points and then introducing a known Gaussian noise
on the array of points. They determined the corresponding
(m,s ) values as a function of noise. These reference curves
as shown in Figure 12 for an initially square and a hexagonal
array of points. Note that a random distribution is predicted
when m 5 0.65 and s 5 0.30, since the disordered values
of square and hexagonal arrangements meet at that point.
The (m,s ) pairs for the points representing a cellular or
a dendritic array observed experimentally are calculated for(b)
Al-Cu and Pb-Sn systems. The results are shown in FigureFig. 8—Representative examples of the modified W–S construction show- 12. Two different regions in one Pb-Sn alloy were analyzeding the nearest neighbor cells and dendrites in Al-10 wt pct Cu system.
to test the reproducibility of results for a given growth condi-Different gray levels show the presence of 5 to 7 and 4 to 8 sides of
polygons. The results are for velocities: (a) 5.5 mm/s and (b) 44.0 mm/s. tion. The (m,s ) values for a directionally solidified Pb-30
wt pct Tl alloy (G 5 45 K/cm and V 5 3.06 mm/s), reported
by Billia et al.[36] are also shown for comparison. Our experi-
six sides will be present when any disorder is present. The mental results show that the arrangements of cells and den-
weighted W-S construction gives us additional information drites in the Al-Cu and Pb-Sn systems are significantly
on the number of nearest neighbors, the area of each cell, disordered, and a larger value of s is found for the Al-Cu
and the number and length of each side of the cell. system, which is consistent with the results obtained by the
The experimental results for the Al-Cu samples are shown weighted W-S method.
in Figure 8. As discussed by Smith,[40] the space-filling In summary, experimental results show that a disorder in
constraint requires that any disorder with a polygon con- the array is present in both the Al-Cu and the Pb-Sn systems.
taining less than six sides will be accompanied by a polygon Although the amount of convection is significant in the Pb-
with more than six sides. Thus, we have shown the pairs of Sn system, our results show that the arrays are predominantlyfive-seven, four-eight, and three-nine-sided polygons by the hexagonal, as seen in the histograms of the number of sides of
variation in gray levels in Figure 8. The frequencies of the W-S polyhedra. For all velocities, the peak corresponds topolygons of different sides for the Pb-Sn and Al-Cu alloys
a six-sided polyhedron. Also, the MST results show the
are shown in Figures 9 and 10. There does not appear to be
mean value to be 89 pct of the perfect hexagonal array, and
a significant difference between the distributions of cells
the standard deviation is found to be 0.14. In contrast, theand dendrites, either for Pb-Sn or Al-Cu alloys. Note that
distribution of cells and dendrites in the Al-Cu system wasa perfect hexagonal arrangement would give only six-sided
found to be significantly more random. The W-S construc-cells. A wider distribution showing the presence of three-
tion showed a peak at either five or six sides, and signifi-nine-sided cells indicates that a significant randomness is
cantly wider distributions of number of sides were observed,present in the arrangement of cells or dendrites. The average
e.g., the number of sides varies from three to nine. Also,value of the W-S diameter, which is proportional to the
the MST results, shown in Figure 12, indicated a largerprimary spacing, is shown in Figure 11 as a function of
disorder from the perfect hexagonal array, with a standardvelocity. Since the average spacing is proportional to the
deviation of 0.19. Since convection is stronger in the Pb-average W-S diameter, the increase in spacing with velocity
Sn system compared to that in the Al-Cu system, arrayis consistent with the spacing variation observed in the cell-
disorder is not directly related to the intensity of convection.dendrite transition region.[6,9–16]
The primary-spacing distribution was found to be more We shall, thus, use a numerical model of convection to
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Fig. 9—Histogram of nearest neighbor of polygons in the W–S construction for Pb-Sn alloys directionally solidified at velocities: (a) 2.5 mm/s, (b) 3.5
mm/s, (c) 4.0 mm/s, and (d ) 8.0 mm/s.
better understand the relations among flow, segregation, and two-dimensional ampoule which is surrounded by a moving
thermal assembly consisting of hot and cold zones separatedprimary spacing.
by an insulated region. The field variables, velocity, pressure,
temperature, and solute composition are described in aIII. NUMERICAL MODELING dimensionless coordinate reference frame (x,y) that is fixed
with the lower end of the sample, as shown in Figure 13.The numerical simulations described here solve a com-
Variables are put in dimensionless form by scaling the coor-plete two-dimensional model for heat transfer, melt convec-
dinates (x,y) and lengths with the inner width of the ampouletion, and solute transport in a prototype of the vertical
(d ), the time (t) with the scale for heat diffusion (d 2/a1),Bridgman crystal-growth system. The aim of these calcula-
and the velocity (u(x,y,t)) with the characteristic velocity oftions is to characterize the different nature of fluid that occurs
heat diffusion (a1/d ), where a1 is the thermal diffusivity ofin the Al-Cu and Pb-Sn systems, in which the solute is
the melt. The dimensionless composition and temperatureheavier and lighter than the solvent, respectively. The com-
fields are defined asplex transport problem is solved by the finite-difference
method using alternate-direction implicit integration.[38,39]
The model is briefly described as follows, and the details c 5
C 2 C0
C0
[1]
of mathematical aspects, including appropriate boundary
conditions, are given elsewhere.[17,31,32]
u 5
T 2 TC
TH 2 TC
[2]
A. Model
where TH and TC are the characteristic temperatures of the
isothermal hot and cold zones of the furnaces. The two-The simulations have been carried out for the Bridgman
system, shown schematically in Figure 13. The model dimensional time-dependent equations describing convec-
tion and heat solute transport areincludes heat transfer in the melt and a crystal contained in a
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Fig. 10—Histogram of nearest neighbor of polygons in the W–S construction for Al-Cu alloys directionally solidified at velocities: (a) 5.5 mm, (b) 11.0
mm, (c) 22.0 mm, and (d ) 44.0 mm/s.
› u
› t
1 (u 2 vp) ? „u 5 2„p 1 „ 2u [3] ›u
›t
1 vp ? „u 5
aa
al
„ 2u [8]
where as and aa are the thermal of diffusivities of the solid1
1
Pr
(Ras c 2 RaT (u 2 u0))
crystal and the ampoule, respectively.
The boundary conditions on the velocity field on the„ ? u 5 0 [4]
ampoule and at the melt/crystal interface specify that there
is no slip relative to the solid surfaces. Along the ampoule›c
›t
1 (u 2 vp) ? „c 5 1Le„
2c [5]
inner wall, the continuity of the heat flux and the temperature
between the melt, crystal, and ampoule are specified. The›u
›t
1 (u 2 vp) ? „u 5 „ 2u [6] vertical ampoule walls are impervious to mass flux. The
temperatures at the bottom and the top surfaces are pre-
scribed according to measured experimental data. Isothermalwhere u0 is a reference temperature. The dimensionless
temperatures equal to those of the hot and cold zones aregroups that appear in the equations are defined in Table II.
possible to prescribe at these boundaries. But, this needsThe heat-transport equations in the solidified crystal and
careful selection of the length of the computational domain.ampoule are
Using smaller computational domains than those required
for the temperature in the liquid and solid to gradually reach›u
›t
1 vp ? „u 5
as
al
„ 2u [7]
the isothermal furnace temperatures and fixing the tempera-
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Fig. 11—The variation in the average diameter of W–S cells as a function
of velocity in the Al-Cu system.
Fig. 13—A sketch of the Bridgman system with parameters used in the
computational model.
f ua
fy 5 2 Bic(ux 2 ua) in the cold zone [10a]
f ua
fy 5 2Bia(ux 2 ua) in the adiabatic zone [10b]
f ua
fy 5 2Bih(ux 2 ua) in the hot zone [10c]
where Bih and Bic and Bia are the nondimensional heat-
transfer coefficients (or, the Biot numbers) in the hot, cold,
and adiabatic zones, respectively; and u‘ is the furnace-
temperature distribution obtained by direct measurement.[17]
The proper choice of the heat-transfer coefficients is made
through regression analysis of computed axial and radialFig. 12—The (m,s ) diagram for the distribution of cellular and dendritic
temperature profiles with measured experimental data. Thearrays in the Pb-10 wt pct Sn (squares), Al-4.1 wt pct Cu (circles), and
Pb-30 wt pct Tl (triangles)[8] alloys. The filled symbols correspond to the set of partial differential equations is solved using second-
dendrites and the open symbols to the cells. Theoretical lines for hexagonal order finite-difference schemes, with alternate-direction
and square array as a function of disorder are also shown for comparison. implicit integration.[41,42] Local grid refinement is used for
the concentration field in the Pb-Sn system to resolve the
thin boundary layers adjacent to the solid walls.
tures at the furnace temperatures can lead to unrealistically
high axial and radial temperature gradients.[17,31,32] Proper
B. Numerical Resultscare is necessary for physically realistic simulation while
describing the thermal boundary conditions and fixing the Only the salient results germane to the effect of convection
lengths of the computational domain in the absence of exper- in axial and lateral segregation of solute and its effect on
imental data.[17,31,32] The solid-liquid interface is continu- the disorder of cellular spacings are presented in this section.
ously rejecting solute, and the boundary condition is The details of the structure and nature of flow and thermal
field in response to variations of design and processing›c
›x
5 2vP Le (1 1 c) (1 2 k) [9] parameters will be described in a separate article.[32]
The convection-induced disparate disorder in the Pb-Sn
and Al-Cu systems could be best examined by consideringin which k is the partition coefficient.
The outer surfaces of the ampoule are assumed to the lateral-composition profiles. The simulated lateral-com-
position profiles at the advancing solid-liquid interface dur-exchange heat with the surrounding furnace according to
Newton’s law of cooling: ing growth are evaluated at a low velocity of 1.0 mm/s,
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Table II. Dimensional Groups and Their Characteristic Values Used in Simulation
Group Symbol Definition Values
Al-Cu Pb-Sn
Thermal Rayleigh number RaT 10,000 7000gbT(Th 2 TC)d 3
aln
Solutal Rayleigh number Ras 4000 270,000gbsC0d 3
aln
Prandtl number Pr n /a1 0.013 0.009
where the convection effects will be large, and the results
for both the systems are plotted in Figure 14 for different
times. The numbers immediately above the curves indicate
the time in seconds from the start of solidification. The
low-intensity convection in the Al-Cu system causes a large
variation in solute concentration across the interface. The
composition varies smoothly across the entire cross section
without showing any boundary-layer-type characteristic at
the sidewalls. This suggests that the microstructural charac-
teristic must be different for different points on the inter-
face, and a significant disorder in spacing may result, since
the primary spacing depends on the composition and the
composition gradient at the tip of the cell or dendrite.[3,4,13]
In contrast, the solute concentration in the Pb-Sn system
is significantly homogeneous over most of the cross section
of the interface. Hence, in this region, the microstructural
characteristic should be relatively uniform for different
points, and this should lead to lower disorder than that in
the Al-Cu system. A thin boundary-layer-type region is
observed near the sidewalls for the Pb-Sn system, where
the concentration sharply rises. This is a consequence of
intense convection in the Pb-Sn melt, which causes more
(a)uniform mixing. Using quasi–steady-state models, earlier
investigators observed that for a given furnace-ampoule
combination, the amount of compositional nonuniformity
(or radial segregation) was a nonlinear function of the
Rayleigh number.[27–29,43] The most important result of
these calculations has been to demonstrate that between
the diffusion-controlled and complete mixing limits for
solute transport in the melt lies a region of poor mixing,
which leads to large lateral segregation of solute along the
radial direction.
Besides the radial concentration variation, convection
will also alter the axial concentration profiles. The flow
in the Al-Cu system is found to be steady and weak due
to the dampening effect of the solute field, and it leads to
a solute transport that is almost diffusion-dominated along
the axial length. This is illustrated in Figure 15. The axial
concentration profiles in the melt are plotted in Figure
15(a) along the edge and the centerline. The concentration
in the liquid at the interface did not reach the steady-state
composition (23 pct) over the computation time. However,
the asymptotic decay of the concentration to its initial
value far downstream of the interface clearly suggests a
diffusion-dominated transport. This conclusion is bolstered
in the accompanying plot of axial solute-segregation pro- (b)
files in the solid along the length of the solidified sample
Fig. 14—Lateral interface composition profiles at different times (seconds)(Figure 15 (b)). The calculated curves along the edge and from the start of solidification at V 5 1.0 mm/s. (a) Al-4 pct Cu and (b)
the centerline are compared to the one-dimensional analyti- Pb-10 pct Sn. The low intensity convection in the Al-Cu system causes
higher lateral segregation than in the Pb-Sn system.cal model by Tiller et al.,[44] and similar trends are
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(a)
(b)
(b) Fig. 16—Almost perfectly mixed axial solute profiles in the Pb-10 pct Sn
system. (a) Solute profile in the liquid ahead of the interface shows a thin
Fig. 15—Almost diffusion dominated axial solute profiles in Al-4 pct Cu boundary layer type characteristic outside of which the melt is almost
system for V 5 1.0 mm/s. (a) Solute profile in the liquid ahead of the perfectly mixed due to vigorous convection. The uniform melt composition,
interface. (b) Axial solute profiles in the solid along the length of solidified however, is much higher than the initial composition (10 pct). (b) Axial
sample. The axial profiles along the edge and the center of the sample are segregation profiles along the length of the solidified sample along the
close to the diffusive model.[44] edge and the center. The actual profiles along the edge and the center of
the sample deviate considerably from the results of the diffusive model.[44]
observed. The axial concentration gradient at the side is This is illustrated in Figures 16(a) and (b). The axial con-
slightly higher than that at the center. This low-intensity centration profiles in the liquid melt are plotted in Figure
flow, however, is responsible for causing large lateral seg- 16(a) along the wall and the centerline. Except for a thin
regation, as observed in Figure 14. This large lateral segre- boundary-layer-type region adjacent to the interface, the
gation, along with a diffusion-type axial segregation, is melt composition is almost uniform over the entire length
consistent in terms of degrees of mixing caused by lateral of the melt due to vigorous mixing in the melt. The calcu-
temperature gradients and the solutal damping of the flow lated axial segregation profiles in the solidified sample are
caused by the rejection of a heavier solute. Similar phenom- compared to the diffusion model[44] in Figure 16(b). A high-
ena have been observed experimentally by Capper et al.[45] frequency and small-amplitude fluctuation is observed due
for HgCdTe systems, which were later explained through to the quasi-periodic fluid flow. The large departure of the
numerical modeling.[28] calculated segregation profiles from the diffusion profile
In the Pb-Sn system, the flow is stronger and highly is clear. The intense convection suppresses the rate of con-
unsteady due to the rejection of lighter solute at the inter- centration increase along the sample length. A constant-
face. This fluid motion leads to a convection-dominated boundary-layer-model–type theory[46] could be applied to
model the axial segregation behavior. However, such asolute transport along both the lateral and axial directions.
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simplified model is not useful for understanding the lateral
segregation behavior and its effect on the spacing disorder,
especially in a system with poor mixing, as in the Al-
Cu system.
C. Comparison with Experimental Results Fig. 17—Calculated liquid-solid interface shape (dotted line) and its com-
parison with the quenched interface of an Al-4.0 wt pct Cu sample. ModelingThe numerical model shows that, although the convection
conditions and the experimental growth conditions are the same: hot zonewill be present in both the Al-Cu and Pb-Sn systems, the temperature—800 8C, cold zone temperature—22 8C; translation veloc-intensity and modes of convection are quite different in these ity—0; sample size—5.0 mm; and alumina tube ampoule with a wall
two systems. In the Pb-Sn system, the rejection of lighter thickness of 1.5 mm.
solute gives rise to a vigorous double-diffusive convection
such that the composition profile alters in the axial direction,
whereas no significant lateral solute variation occurs. Thus, developed by Tong et al.[45] by using the phase-fieldthe effect of convection will be to alter the magnitude of
approach.the primary spacing, but not the disorder in the primary Finally, it has been suggested that the spacing disorder inspacing, since all cells or dendrites see the same thermal and
the two systems examined may not be due to convection,concentration fields in the liquid. In contrast, the convection but due to the difference in physical properties of the twoeffects in the Al-Cu system show no appreciable axial segre-
systems.[48] Alloy parameters themselves will not give agation, but a large variation in solute in the radial direction. planar and a highly curved interface in the two systemsConsequently, different tips of cells or dendrites see different
examined. The significant difference in microstructuresthermal and concentration gradients locally and, thus, result
obtained in these two systems cannot be explained by ain different spacings along the radial direction.[21] In addi- diffusive-growth model, since these models can be normal-tion, because of the variation in local spacings, each cell or ized in terms of dimensionless parameters and would bedendrite has different interactions with its neighbors, thereby
self-similar. Such scaling laws have been discussed in thegiving rise to a disorder in the array spacing. literature quite extensively, and they will not predict a highlyIn the Pb-Sn system, the convection effects are vigorous
curved and a planar cellular front. Only for a planar interface,and a constant-boundary-layer-model–type theory[46] could in very thin samples (less than 50 mm in diameter), will thebe applied to characterize the concentration gradient at the
contact-angle effects at the wall cause the interface to acquireinterface. Since the concentration gradients at the different
curvature during growth. For cellular and dendritic micro-cell or dendrite tips are the same, the spacing will be more
structures, the main difference that breaks the scaling lawsuniform, and the disorder observed would be similar to that for different cells in an array is the presence of convection.predicted by the diffusive model. Note that partial mixing In fact, microgravity experiments on cellular and dendriticcauses the primary spacing to be smaller in magnitude than growth have clearly shown that the interface becomes flatthat predicted by the diffusive model. In contrast, in the Al-
under a low-gravity environment in the Al-Cu and Al-NiCu system, the varying composition field ahead of cells and
systems in which a heavier solute is present. Several experi-dendrites along the radial direction would cause significant
ments in thin samples, where convection effects are mini-disorder in the array spacing. Note that the concentration
mized, also show a planar, or not a curved, front. The alloygradient is slightly higher at the wall than at the center
system is, of course, important, in that the property of the(Figure 15 (b)), so that the boundary-layer width will de-
alloy determines the extent of convection, as we have showncrease as we look at the cells from the center to the wall. in the two systems in which the density gradients in theThis is equivalent to the effect of a larger velocity, so that
axial direction have opposite signs and, thus, have differentthe spacing near the wall will be smaller, as observed
convective modes.experimentally.
In the numerical model, the effects of convection and the
morphology of the interface are decoupled by considering IV. CONCLUSIONS
the interface to be flat, for determining the solute field.
This approximation, however, seems to be valid when the There are two major causes for the disorder in the spatial
arrangement of cells or dendrites: (1) the spacing-selectioncurvature of the interface is not very large.[17] By using the
calculated variation in the composition at the interface in criterion in the diffusive regime predicts a range of spacings
that can be exhibited in an array, and (2) the mode of fluidthe radial direction and using the known value of the thermal
gradient, the shape of the interface is reconstructed and flow in the liquid, which causes significant variations in the
temperature and composition along the radial direction. Thecompared with the experimentally observed shape in Figure
17 for a stationary interface. Note that a very good match disorder is small in the diffusive-growth regime, whereas a
large disorder is found when convection effects are present.is obtained except in the immediate vicinity of the wall,
where there is a slight departure due to the surface-tension For most experiments carried out on samples of 5 mm in
diameter or larger in systems with heavier solute, the convec-effect. Thus, the approximation of a flat interface for the
examination of the effect of convection on the solute field tion effect is found to be the dominant effect in giving rise
to a large disorder in the array. A numerical model has beenis a good approximation for high G/V values. For low G/V
values, where the curvature of the interface is very large, a developed to study the effects of convection on primary-
spacing disorder. It is shown that the disorder in spacingrigorous model needs to be developed which couples convec-
tion with interface morphology. Such a model is quite com- depends on the nature of convection present in the system.
The convection effects that lead to radial segregation ofplicated, although a basic framework has recently been
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